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Abstract—The equation of motion of a liquid flowing through a non-circular duct is solved by means of
integral transformation. As a result of application of some integral transformation the problem of the
turbulent flow has been brought to the solution of equation of the type describing the laminar flow. The
solution of this equation is known and frequently cited in the literature of the subject. On the basis of these
results the analytical expression describing the relation between the ratio v;/v, and dimensionless velocity
uju*, of rather general nature can be constructed. To illustrate the method some numerical example is
included, too. The agreement between the computed velocity field and the experimental data are found to be
quite satisfactory.

NOMENCLATURE
u, longitudinal component of the velo-
city;
u*, friction velocity (t,,/p)*;
u/u*, dimensionless velocity of the liquid;
Up, bulk velocity ;
Vo, molecular kinematic viscosity ;
vr, turbulent kinematic viscosity ;

P density of the liquid;

0p;0x, pressure gradient in the duct in the
direction of the flow;

fs friction factor;

Toos shear stress;

r, distance from the centre line of the
duct;

o outer radius of the duct;

Y =r,[1 — (r/r,)], wall distance;

Y* = Y(u*/v,), dimensionless wall distance
parameter;

d, hydraulic diameter.

1. INTRODUCTION
THE LITERATURE on turbulent flow has increased
considerably in the course of years. Most of the
existing analyses for turbulent flow are adequate

only for a rectilinear duct of circular cross-
section. Recently some authors have
endeavoured to determine the turbulent velocity
field in non-circular cross-section duct on the
basis of experimental and analytical results for
ducts of circular cross-section. Among authors
dealing with this problem we can mention
Deissler and Taylor [1], Buleev [2], Slykov and
Carevski-Djakin [3].

The method applied by these authors is based
on the assumption, that a regular contour may
be transformed into circle in the new
orthogonal coordinate system by conformal
mapping. Then utilizing the well-known rela-
tions for round ducts the turbulent velocity
fields can be determined. After the inverse
transformation one obtains the velocity field
for the given cross-section. The problem solved
in this manner involves an enormous amount of
computational work. The course of the com-
putations presented here follows the hypothetical
assumption, that the relation between the dimen-
sionless distance from the wall Y* and the
dimensionless velocity u/u* is of general nature
and can be applied to the cross-section remark-
ably deviating in the shape from a circle.
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In the present paper, the above assumption
being taken valid, the dimensionless ratio
v/vo was related directly to the dimensionless
velocity u/u*, thus eliminating the dimensionless
distance Y* (as it is known the ratic v4/v, and
uju* are functions of the parameter Y*).

The ratio v;/v, can be expanded in a power
series of u;u* making use of the results and an
analytical expression due to Reichardt.

Since the ratio vr/v, depends in this case on
the dimensionless velocity u/u* to be found, the
differential equation of the motion becomes
nonlinear.

This apparent difficulty of nonlinearity can be
easily avoided by introducing a new function
determined by means of some integral trans-
formation. After introducing the new function
the equation describing a turbulent flow becomes
linear. The form of this equation of motion is
identical with that for the laminar flow.

The function describing a turbulent velocity
field can be easily obtained by algebraic manipu-
lations. To illustrate the method a numerical
example is also included.

2. FLUID FLOW ANALYSIS
The flow field for fully established turbulent
flow is described by the following ditferential
equation:

. vr u 1 op
d | 1+ —= — I = S
Y ( vo)grad (u*) vopu* 0z

The symbols appearing in this and the follow-
ing equations are contained in the Nomen-
clature. The liquid properties related to the
present investigation will be assumed as con-
stants. Because of its relatively simple mathe-
matical form Reichardt’s universal velocity
distribution is considered. It can be written as:

X 251 + 04 Y¥)

u*
+ 78 <1 — eV ﬁ.e'“”’”):
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Y* = 0. 2)
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The relation determined by equation (2) as
well as v/ vo( Y*)is presented in Fig. 1, taken from
[4]. The ratio vq/v, can be related directly to the
dimensionless velocity u/u*, thus eliminating
the dimensionless distance parameter Y*.

This relation is shown on the Fig, 2.
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FIG. 1. Ratio of eddy viscosity to molecular viscosity v/v,
and dimensionless velocity u/u* as function of the dimension-
less distance from the wall, Y*.
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F1G. 2. Ratio of eddy viscosity to molecular viscosity vp/v,
and integral W as function of the dimensionless velocity
uju*.
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Since the relation v;/v, depends in this case on
the dimensionless velocity u/u* to be found, the
differential equation (1) of motion becomes non-
linear. This apparent difficulty of the nonlinearity
can be avoided by introducing a new function
determined by means of the integral transforma-
tion.

After introducing the integral transformation

uju*
W= j [1 + V—T(wﬂ dw (3)
Vo
0

the equation (1) may be rewritten in the form:
1 ap
vopu* 0z’

div (grad W) =

4)

The function W could be evaluated by
numerical or graphical integration according
to the equation (3). The function W(u/u*) is
shown on the Fig. 2. The equation (4) has a form
identical with the equation for laminar flow.

The solution of this equation is known and
frequently cited in the literature of the subject.

To demonstrate the method a numerical
example is presented.

3. NUMERICAL EXAMPLE

As an example we will determine the velocity
field for a duct the cross-section of which has
the shape of a narrow isosceles triangle with an
apex angle of ¢ = 11-5 degrees, corresponding
to a side ratio 5:1. This case has been investi-
gated experimentally in (3).

Introducing the dimensionless parameter
! *.(f—p=oz and K=W
vopu* 0z o

the equdtion (4) then can be rewritten as:
div (grad W) = —1. 5
The boundary condition for the W are:
W = 0 on the contour.

Approximate solution of equation (5) for
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triangle determined by straight lines: y = +kx,
x =his*

— (kaZ _ y2) [ <\‘>"] .
W= —2(_1——kz) 1 - h (6)

—4 + /[6 + (10/k%)]
v, = 3 .

where

The value taken for tg ¢/2 = k in this case is:

2 o
k* = 0-01014.

Introducing the value from (7) equation (6)
becomes :

g%:k:umm

W = 0-506 (0:01014 x* — y?)

B-67 o

To compare the experimental velocity profile
with the theoretical expression, equation (8) was
used to calculate, for the velocity profiles
measured on the straight lines y = O, the ratio
W W as a function of x/h.

The equation then obtained can be written
in the form:

W W X 2 X 138
Wom ~ Wy~ 1385 (ﬁ) [1‘ (ﬁ) ] )

thereby

Wipe = 000333 b2

X
(5), o

According to the definition the value of the
dimensionless parameter o is given by:
1 ¢
a=—_ 2 (10)
vopu* 0z

and

* Equation (5) is solved by Kantorovich method in [6).
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It is easy to derive that:

o = F(Re,f, d). (11)

According to a force balance over the flow
section the pressure gradient is related to the
friction factor by:

op up

4 (12)
2Py

The shear stress 1,, is related to the bulk velocity
by the relation:

1, =3%.f.p.uk (13)

Besides, the friction velocity u* is defined by:

)

The equivalent hydraulic diameter d associated
with a triangle is given by the expression:

(14)

2h.sin @
d=—"""—""Jr=_/(4h?.0008275). (15
(1 + sin @) Vi - d1S)
The above equations can be substituted in
equation (106). The equation then obtained can
be written in the form:

L ap 2.J2).Re
T oveou* iz d? '

(16)

From the measurement in the test channel it
appeared that the ratio f/f lies below unity:

fifs =085
where by fj is given with sufficient accuracy by

the Blasius expression:

© = (0079 Re™ %25, (17

In view of the above equations and with taking
into account the relation (15) we have:

69800
== (18)
The value taken for the Re number in this case
was: Re = 10*.

The calculated value of W,,,, is:

W, = 000333 h2a = 232. (19)
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Table 1.
No x w ( u ) < u l)
h Wmax umax s uma m

1 0-00 0-000 0-000 0-000
2 01 001545 0-184 019
3 02 0-0618 0-54 049
4 04 0-247 0-81 075
5 0-6 0:550 093 091
6 0-8 0938 0995 0-99
7 09 0955 0-996 099
8 1-:00 -

Table 1 gives the computation results of the
velocity fields for various ratio x/h and confronts
the computation results with the experimental
data. The confrontation is presented also in
Fig. 3. The agreement between the computed
velocity field and the experimental data are
found to be quite satisfactory.
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FiG. 3. Velocity distribution of turbulent flow u/u,, in a
triangle for various x/h ratio for Re = 10

CONCLUSION
As a result of application of some integral
transformation the problem of the turbulent
flow has been reduced to the solution of equa-
tion of the type describing the laminar flow.
The kind of approach utilized here essentially
facilitates the consideration of turbulent flows
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and permits the use of well-known solutions,
widely referred to in the literature.

In our calculations the experimental results
of Reichardt and Nikuradse have been used.
On this basis the analytical expression of rather
general nature, describing the relation between
the ratio v;/vy, and the dimensionless velocity
u/u*, has been constructed. This relation may be
applied to the analysis of turbulent flow through
ducts of complex geometry.
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DETERMINATION D’'UN CHAMP TURBULENT DE VITESSE DANS UNE CONDUITE
RECTILIGNE A SECTION DROITE NON CIRCULAIRE

Résumé—On a effectué ’analyse de I’équation de mouvement pour le cas de 'écoulement d’un liquide
dans un canal de section non-circulaire. Grace a I'utilisation d’une transformation integrale particuliére
on a ramen¢ cette équation a la forme de ’équation différentielle, déctivant ’écoulement laminaire, dont
la solution est connue. Les resultats obtenus perméttent espérer, que la dépendance de quantité v;/v, en
fonction de uju* est de caractére general.
Pour ilustrer la méthode, on a calculé un exemple numérique. On a constaté une bonne concordance
des calculs avec les données expérimentales.

BESTIMMUNG DES TURBULENTEN GESCHWINDIGKEITSFELDES IN GERADLINIGEN
KANALEN MIT NICHT-KREISFORMIGEM QUERSCHNITT

Zusammenfassung—FEs wurde eine Analyse der Impulsgleichung fiir die turbulente Strémung, die in der
geradlinigen Leitung von nicht kreisformigem Querschnitt stattfindet, durchgefiihrt. Die erwihnte
Gleichung wurde, durch Verwendung von spezieller Integraltransformation, auf die Differentialgleichung
der laminaren Stromung zuriickgefiihrt. Die Ldsungen solcher Differentialgleichung sind sogar fiir
komplizierte Geometrie des Querschnittes meistens bekannt.

Erhaltene Ergebnisse lassen vermuten, dass die funktionelle Abhédngigkeit der Grosse vy/v, von wu*
einen recht allgemeinen Charakter hat und ist von der Geometrie des Querschnittes unabhéngig. Um den
Rechnungsgang zu erldutern, wurde ein numerisches Beispiel durchgefiihrt. Die numerische Ergebnisse
wurden mit denen eines Versuches verglichen.

Das analytische Ergebniss stimmt mit dem Versuchsergebniss weitgehend iiberein.

ONPEJEJEHME NMPO®NJIA CKOPOCTU IIPU TYPBYJIEHTHOM
TEYEHNU B KAHAJIAX HEHKPYIJIOTO CEYEHUA

Anmvoramua—IIpoBesieH aHAIM3 yPABHEeHUA ABMEHNA IJIA TyPGYIIeHTHOTO TeYeHNA MUFKOCTH
B KaHAJIe HEKPYIJIoro cedennus. JlaHHoe ypaBHeHUe ¢ NOMOIBIO CIENMATBHOTO HHTETPATLHOTO
npeofpasoBaHuA CBOANTCA K Tu(PepeHnuaIbHOMY ypaBHEHNIO, ONMCHBAIOLIEMY JAMHHAPHOE
Teuenue. Pemienme 1A Taxoro pora ypaBHEHHA M3BeCTHO B JjnTeparype. llosxyuyenmusie
Pe3yJIbTATH NO3BOJIAIOT NPENNOJIOHHUTE, YTO GYHKIMOHATLHAA BABHCUMOCTD MEMLY BeIMuu-
HaMK v, [vo ¥ u/u* uMenT 06Iui BUA.

Jna MumocTpanun NPHBOAMTCA YMCIeHHHM npumep. OOGHapy<eHO Xoporee coBnajieHue

Pe3YALTATOB Pacuera ¢ DKCIEPUMEHTAILHHMM KAHHBIMH,



